We prove an extension theorem for Pexider equation on a restricted domain in a uniquely 2-divisible Abelian topological group which has a base of open neighbourhoods of 0 satisfying some 2-divisibility conditions.
Introduction
Motivation for this paper comes from the following problem concerning extending solutions of the Pexider equation (cf. [5] ).
PROBLEM. Given groupoids (X,*) and (K, o), given 0 / (/ C X x X, U* = {x * y : (x,y) G U}, U\ = {x : (x,y) 6 U for some y G X}, U 2 = {y : (x, y) G U for some x G A"}, / : U* -> K, g : U\ -> K and h : U2 -* K such that (1) f
(x *y) = g(x) o h(y)
for (x, y) G U.
Do there exist functions F,G,H : X -• K such that F\JJ, -F, G\JJ 1 = g, H\U 2 = h and F(x *y) = G(x) o H(y) for all x, y G X?
Aside from the problem of existence of the extension of (1) there appears a problem of its uniqueness.
A partial answer to this problem was given by F. Rado and J. A. Baker, who have proved in [5] that under the assumption that X is a real (or complex) linear topological space, U is a nonempty, open and connected subset of X x X and K is an Abelian group, every solution of (1) can be uniquely extended to a solution on X x X. Baker in [2] considered the case when X is a real (or complex) normed linear space, C X x X is open and connected and the target groupoid is the set C of all complex numbers with multiplication as an operation.
The aim of this paper is to improve the results mentioned above by 82 B. Sobek weakening the assumptions on X. We drop the requirement that X is a linear space and work under the assumption that X is a group with the uniqueness of dividing by two. A group (X, +) is called uniquely 2-divisible if for every y E X the equation y = 2x has a unique solution in X. We will use the symbol \y to denote the unique element x E X satisfying y -2x. Let N denote the set of natural numbers and let No = Nu{0}. The unique 2-divisibility of X allows us to define inductively ^ for x E X and n E No by the formula: ^ := x, 2^px := 5 (^r)-One can easily check that Since every connected topological group is generated by an arbitrary neighbourhood of 0 (see [4] , Theorem 14, p. 124), this gives our claim. However, the existence of a base B satisfying (a) and (b) does not imply the connectedness of X. 
REMARK. It is well known

Results
Following the notation used in [2] and [5] for 0 ^ U C X x X let
U\ -{x : (x,y) € U for some y G X},
U2 = {y (x, y) G J7 for some x G X}
and
We begin with a generalization of Rado and Baker's result (cf. [5] , Theorem 1).
THEOREM 1. Assume that X is a uniquely 2-divisible Abelian topological group which has a base B of open neighbourhoods of 0 satisfying (a) and (b). Let K be an Abelian group and let U be a nonempty, open and connected subset of X x X. Suppose that f : U+ -» K, g : U\ -• K and h : U2
K satisfy (2) f(x + y) = g{x) + h{y) for all {x, y) G U. In particular,
Then there exist unique functions F,G, H : X -> K such that F\u + -f, G\UI = 9, H\U 2 -h and
From (4)- (7) we obtain
By (a) and (8) Since the general solution of equation (3) is well known, now we can determine the general solution of equation (2).
COROLLARY 1. Let X be a uniquely 2-divisible Abelian topological group which has a base B of open neighbourhoods of 0 satisfying (a) and (b). Let K be an Abelian group and let U be a nonempty, open and connected subset of X x X. Then functions f : U+ -> K, g : U\ -> K and h : U2 -• K satisfy equation (2) if and only if there exist a unique additive function A : X -> K and unique constants a, (3 € K such that g{x) = A{x) + a for x € U\, h{y) = A(y) + ¡3
fory€U 2 and f(z) = A{z) + a + 0 forzeU + .
In general, under the assumptions of Theorem 1 with Abelian group (K, +) replaced by commutative field (K, +, •) and equation (2) replaced by
there is no analogous extension result. F. Skof has shown by example (see [2] ) that if f(z) = 0 for some 2 G U + , then the solution of (10) cannot be uniquely extended to a solution on X x X. However, we can prove an analogue of Baker's result (cf. [2] , Theorem and Lemma 1). Thus W is open, as claimed.
COROLLARY 2. Assume that X is a uniquely 2-divisible
Since J7+ is connected we infer that either £7+ = V or U+ = W. Clearly, in the latter case we have g(x) / 0 for all x € U\ and h(y) / 0 for all y € which allows us to apply Corollary 1 with K = K \ {0} and completes the proof.
• As in a field we have two operations, it is therefore of interest to combine them on the left hand side of the Pexider equation and consider the functional equation which generalizes both (2) and (10), namely
where k : {7+ -> K, l,m : U\ -> K and n : U2 -> K are unknown functions and (K, +, •) is a commutative field. This generalized Pexider equation was studied e.g. by J. Aczel in [1] (in the case of locally nonconstant k, X = M 2 and K = R) and J. Chudziak and J. Tabor in [3] (under the assumption that X is a normed space and K = C). Corollaries 1-2 allow us to improve Theorem 1 in [3] , which determines the general solution of (11) in the case of nonconstant k. For a treatment of a more general case we refer the reader to [3] . The proof runs in much the same way as the proof of Theorem 1 in [3] , so it will be omitted.
